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Abstract. We prove that indecomposable transjective modules over cluster-tilted algebras are 
uniquely determined by their dimension vectors. Similarly, we prove that for cluster-concealed 
algebras, rigid modules lifting to rigid objects in the corresponding cluster category are uniquely 
determined by their dimension vectors. Finally, we apply our results to a conjecture of Fomin and 
Zelevinsky on denominators of cluster variables. 



Introduction 

One of the most important results of modern-day representation theory of algebras is the now 
classical theorem of Gabriel stating that a (finite, connected, acyclic) quiver Q is representation- 
finite, that is, admits only finitely many isomorphism classes of indecomposable representations, if 
and only if its underlying diagram is a Dynkin diagram, see |Gab72| . The sufficiency part is proven 
by showing that the map sending each indecomposable representation to its dimension vector (which 
records the number of its composition factors) establishes a bijection between the set of isomorphism 
classes of indecomposable representations of Q and the set of positive roots of the Dynkin diagram 
underlying Q. Since then, it has become a standard question in representation theory to identify which 
indecomposable modules are uniquely determined up to isomorphism by their composition series, or 
equivalently by their dimension vectors. 

In this paper, we study this question for the class of cluster-tilted algebras which was introduced by 
Buan, Marsh and Reiten in |BMR07| as a by-product of the theory of cluster algebras of Fomin and 
Zelevinsky [FZ02| . More precisely, we are interested in the question whether the indecomposable rigid 
modules (that is, those without self-extensions) are uniquely determined by their dimension vectors. 

In order to state our main result, we first recall that the Auslander- Reiten quiver of a cluster-tilted 
algebra always has a unique component containing local slices [ABS08] . which coincides with the whole 
Auslander-Reiten quiver whenever the cluster-tilted algebra is representation-finite. This component 
is called the transjective component and an indecomposable module lying in it is called a transjective 
module. With this terminology, our main result may be stated as follows : 

Theorem 1. Let B he a cluster-tilted algebra and M,N be indecomposable transjective B-modules. 
Then M is isomorphic to N if and only if AI and N have the same dimension vector. 

As we shall see in Section [521 the statement of the theorem does not hold true without the assump- 
tion that M and iV are transjective. 

One important special case of our theorem is already known : Ringel |Rinll| and, independently 
Ceng and Peng |GP12| have proved that, over a representation-finite cluster-tilted algebra, indecom- 
posable modules are uniquely determined by their dimension vectors. Our result however makes no 
assumption on the representation type of the algebra. 
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For our second result, we consider one important subclass of cluster-tilted algebras, that of the 
cluster-concealed algebras studied in [Rinllj . This class consists of those cluster-tilted algebras which 
are endomorphism algebras of transjective tilting objects in the cluster category. We are now able to 
state our result : 

Proposition 2. Let B be a cluster- concealed algebra and M, N be indecomposable rigid B -modules 
lifting to rigid objects in the corresponding cluster category. Then M is isomorphic to N if and only 
if M and N have the same dimension vector. 

In the case where B is wild, we do not know whether all indecomposable rigid _B-modules lift to 
rigid objects in the corresponding cluster category. This, however, is the case if B is tame. 

Corollary 3. Let B be a cluster- concealed algebra which is either representation-finite or tame and 
let M, N he two indecomposable rigid B -modules. Then M is isomorphic to N if and only if M and 
N have the same dimension vector. 

We next apply our results in order to obtain partial results towards a classical conjecture stating 
that different cluster variables, when expressed as Laurent polynomials in any cluster, have different 
denominator vectors, see |FZ03bl Conjecture 4.17]. 

We recall that an acyclic cluster algebra Ais'a skew-symmetric cluster algebra with coefficients in 
an arbitrary semifield associated with a quiver which is equivalent under mutation to an acyclic quiver 
Q. It follows from the Laurent phenomenon |FZ02) that for any cluster c = (ci, i S Qo) of every 
cluster variable x G A can be written as 

P{ci,i e Qo) 
X = J — 

where P{ci,i G Qo) is a polynomial not divisible by any Ci and where di G Z for any z e Qq. The 
Qo-tuple 

den (x) = (dOjGQo 
is called the denominator vector of x in the cluster c. 

If C is the cluster category of Q, then it known that there is a bijection, the cluster character, 
between the set of cluster variables in A and the set of isomorphism classes of indecomposable rigid 
objects in C inducing a bijection between the set of clusters in A and the set of isomorphism classes of 
tilting objects in C, see jBMRTOTi ICK06[IFK10) . A cluster variable (or a cluster, respectively) in A is 
called transjective if it corresponds to an indecomposable transjective object (or a transjective tilting 
object, respectively) in C. If A is of finite type (in the sense of |FZ03a| ) or of rank two, then every 
cluster variable, and thus every cluster, is transjective. 

In this terminology, our Theorem [1] and our Proposition [2] imply the following two corollaries : 

Corollary 4. Let A be an acyclic cluster algebra and C the corresponding cluster category. Then the 
transjective cluster variables in A are uniguely determined by their denominator vectors in any cluster 
of A. 

Corollary 5. Let A be an acyclic cluster algebra and C the corresponding cluster category. Then the 
cluster variables in A are uniquely determined by their denominator vectors in any transjective cluster 
of A. 

The article is organised as follows. In Section[T]we recall the necessary background and notations. In 
Section [2] we prove Theorem [T] and Corollary |4] and we show that the transjectivity assumption cannot 
be removed from Theorem [T] Finally, Section [3] presents the proofs of Proposition [2] and Corollaries |3] 
andO 
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1. Background and notations 

Throughout the article, k denotes an algebraically closed field and every algebra is a k-algebra. 

Given a finite dimensional algebra A, we denote by mod— A the category of finitely generated right 
^-modules and by ind — A a, full subcategory of mod— A consisting of a complete set of representatives 
of isomorphism classes of indecomposable A-modules. For any yl-module M, we denote by dimM its 
dimension vector which we view as an element in Z" where n is the number of simple j4-modules. An 
^-module M is called rigid if Ext\{M,M) = 0. A tilting module T in mod— A is a basic rigid A- 
module of projective dimension at most one and with n non- isomorphic direct summands Ti, . . . ,T„. 
If T is such a tilting module, then it follows from |HU89| that for any k such that 1 < k < n 
the almost complete module T — Ti admits at most two complements, that is, non- isomorphic 

indecomposable A- modules and Tjf such that T © and T ® are tilting modules. Moreover, if 
T is sincere, then there exist exactly two such complements. 

Given a quiver Q, we denote by Qq its set of points and by Qi its set of arrows. We always assume 
that Qo and Qi are finite sets and we let n = \Qo\- If Q is acyclic, we denote by kQ its path algebra 
over k. It is a finite dimensional hereditary algebra whose bounded derived category £'''(mod— kQ) is 
triangulated with suspension functor [1] and Auslander-Reiten translation r. The cluster category C of 
Q, introduced in [BMR+06J, is the orbit category in (mod—kQ) of the autoequivalence r~^[l]. It is 
a triangulated category |Kel05| whose suspension functor S is induced by the shift in D^{mod—'kQ) or, 
equivalently. by the Auslander-Reiten translation. Moreover, the category C is Calabi- Yau of dimension 
2, that is, there is a bifunctorial isomorphism 

Home (A/, S^iV) ~ DUomciN, M) 

for any objects M and A'" in C where D ~ IIomk(— ,k) is the standard duality. 

The Auslander-Reiten quiver T{C) of C contains a unique connected component containing the 
indecomposable projective kQ-modules. This component is called the transjective component of r(C). 
If Q is of Dynkin type, this is the only connected component. Otherwise, there are infinitely many 
other connected components, which are called the regular components of r(C). An object in C is called 
transjective if all its indecomposable direct summands belong to the transjective component. Every 
indecomposable transjective object M is rigid in C, that is, Extc(M, M) — 0. 

A tilting object T in C is a basic object such that for any object X in C, we have Ext^(r, X) = if 
and only if A" G add (T) (these are also referred to as cluster-tilting objects in the literature). Let T 
be such a tilting object. Then it is well known that T has n indecomposable direct summands which 
we denote by Ti, with 1 < i < n. 

We denote by i? = Endc(T) the cluster-tilted algebra corresponding to T. We denote by (add (ST)) 
the ideal of morphisms in C factoring through the subcategory add (ST). Then it is proved in |BMR07| 
that the functor Homc(r, — ) induces an equivalence of categories 

Homc(T,-) : C/(add(S]T)) ^ mod-B. 

If M is a _B-module, a lift of M in C is an object M in C such that Homc(T, M) ~ M in mod— _B. The 
transjective i?- modules are those having a transjective lift in C. 

Fix 1 < fc < n. We let T — ® j-^^, Ti be the corresponding almost complete object. Then it is proved 
in |BMR+06| that there exists a unique object Tj* in C such that T^ 9^ Tu and such that T' = T © T^ 
is a tilting object in C, called the mutation ofT at Tfe. The pair {Tk,T^) is called an exchange pair in 
C and it is known that Ext^ (Tfe,T^) ~ k so that, up to isomorphism, there exist exactly two non-split 



4 



IBRAHIM ASSEM AND GREGOIRE DUPONT 



triangles 

Tfe — >E — >Tk — > ETfc and — > E' — >Tk — > T.T^ , 
called the exchange triangles associated with the exchange pair {Tk,T^). 

Following [BMR09J, an indecomposable rigid object M in C is called compatible with the exchange 
pair {Tk,T*) if either M ~ S^^Tfe, or M ~ S^^T^T or 

dimkHomc(Af,Tfe) + dimkHomc(M, T^T ) = max {dimkHomc(M, i;), dinikHomc(M, E')} . 

2. TrANSJECTIVE modules AND CLUSTER VARIABLES 

Lemma 6. Let (T^, T^) be an exchange pair in C as above and let M be an indecomposable rigid object 
in C. Then M is compatible with the exchange pair (E^T^, E^T^!') if and only if either M ~ ET^ or 
M 9^ ET^! or 

dimkHomc (Tfc, M) + dimk Home (TfcjM) = max {dimkHomc(i^, Af), dimkHomc(i^', Af)} . 

Proof. It follows from the definition that M is compatible with the exchange pair (E^Tfc, Y?T^) if and 
only if either M ~ ^Tk or M ~ ET* or 

dimkHonic(A/, E^T^) + dimkHonic(A/, E^T^*) = max {dimkHomc(Af, T,'^E), dimkHomc(Af, E^i;')} 

because 

E^Tfc — > J:^E — > E^Tfc — > E^Tfc and E^T^ — >i:^E — > T.^Tk — ^ E^T^ 
are exchange triangles. 

Now, since C is Calabi-Yau of dimension 2, we have dimkHomc(^, E^F) = dimkHomc(F, X) for 
any objects X,Y in C 

Therefore, if M ^ ETfe and M ^ ET^*, then M is compatible with the exchange pair {Y?Tk,T?T^) 
if and only if 

dimkHomc(Tfc, Ai") + dimkHomc(rfc , Af) = max {dimkHomc(i^, Ai"), dimkHomc(i^', Af)} . 

□ 

Lemma 7. Let T = Ti be a tilting object in C and let T' = T®T^ be its mutation at k, where T = 

®i^k '^i- ^ '^'^'^ ^ ^^"^ indecomposable rigid objects in C which are compatible with the exchange 
pair {T?Tk,T?T^). Assume that M,N ^ add (ST) and that dimHomc(T, Af) = dim Home (T, iV). 
Then either M N ^ ET* or M, N ^ add (ET') and dim Home (T', Af ) = dim Home (T', ^)- 

Proof. Assume first that M belongs to add(ET'). Since T' = T © T* and M ^ add(ET), we get 
M c± ET^. Moreover, since T' is a tilting object, it is rigid and thus 

dimkHome(Ti, M) = dimkHome(Ti, ET^*) = 5ik. 

Hence, we also have dimkHome(Ti, A^) = 5ik. Since N is indecomposable and rigid, it follows that 
T© E~^Af is a tilting object. Since the almost complete object T admits only two complements which 
are Tt and T^*, it follows that E^^iV ~ Tk or E^^A^ ~ T^. By assumption, A^ ^ add (ET) and 
therefore, A^ ~ ET^ = M. 

By symmetry, we can assume that M,N ^ add(ET'). Then, since A/ and A^ are compatible with 
the exchange pair (E^T^:, E^Tj!'), it follows from Lemma [5] that 

dimk Home (Tfe, Af) + dimkHome(Tfe!, Af) = max {dimkHome(-B, Af ), dimkHome(S', Af )} 

and 

dinikHome (Tfe , A^ ) + dimkHome (T^* , A^) = max {dimkHome {E, N) , dimkHome {E' ,N)}. 
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By assumption, dim Home (T, M) = dim Home (T, A^) so that dimtHomc (T^ , A^) = dimkHom^ (T^ , A^) 
for any i such that 1 < i < n. And since E,E' are in add(T), we have dimkHomc(£^, iV) = 
dimkHomc(-E,M) and dimkHomc(£^', M) = dimkHomc(£^', iV). Therefore, dimkHomc(T*, Af) = 
dimkHomc(T*, N) and thus dim Home (T', M) = dim Home (T', N). □ 

2.1. Proof of Theorem [H Let C be a cluster category and T a tilting object in C. Let M and 
A'^ be two indecomposable transjective objects in C. They are thus rigid and by |BMR09l Corollary 
4.2], they are compatible with any exchange pair in C. Since Homc(r, — ) induces an equivalence 
C/ (add (ST)) ^ mod— £?, in order to prove the theorem, it is enough to prove that if AI, N ^ add (ST) 
are such that dimHomc(T, M) = dim Home (T, A^), then M ~ A^ in C. It is known that two tilting 
object in C can be joined by a sequence of mutations, see iBMR+OGj . In particular, there exists a 

sequence of mutations T — > T' — > ■ ■ > T^'^ = kQ joining T to the tilting object kQ in C. 

Let T = 0._^j. T, and let T' = T®T* be the mutation of T at k. By Lemma[71 either M ~ AT ET* 

and the claim is proved, or M, N ^ add (ST') and dimHomc(r', M) = dimHomc(r', N). By induc- 
tion on I, either we have obtained Af ~ A^ at some point, or we end up with dimHomc(k(5, A/) — 
dim Home (kQ, A^). Therefore, Homc(k(5, A/) and Homc(k(5, A^) are two indecomposable rigid mod- 
ules with the same dimension vectors over the hereditary algebra kQ. Since for hereditary algebras, 
it is well-known that rigid modules are uniquely determined by their dimension vectors, it follows 
that Honic(kQ,Af) and Homc(kQ, A^) are isomorphic modules and therefore, so are their respective 
indecomposable lifts M and A^ in C. □ 



2.2. A counter-example without the transjectivity assumptions. We now show an example of 
two non-isomorphic indecomposable non-transjective rigid modules over a cluster-tilted algebra which 
have the same dimension vectors and which do not lift to rigid objects in the cluster category. 
Consider the cluster-tilted algebra B of affine type A2.1 given by the quiver 

1= — r3 

with relations a/3 = (3^ — 7a = 0. 

The Auslander-Reiten quiver of the corresponding cluster category contains exactly one exceptional 
tube which is of rank two. In mod— B, the image of this tube is 
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Therefore, if we set 

1 2 

M = 3 and TV = 1 , 

2 3 

then M and N have the same dimension vector (111) and Ext^(A^, A^) ~ DIIouib{N,M) = 0, be- 
cause every nonzero morphism from M to N factors through the injective module at 2. Similarly, 
Ext^ (M,M) = 0. However, AI and N are not isomorphic. 

Finally, we recall that in |Smi08| . the author proved that any rigid module of projective dimension at 
most one over a cluster-tilted algebra lifts to a rigid object in the cluster category, see also [FL09]. As it 
appears in this example, this does not hold true without the assumption that the projective dimension 
is at most one. Indeed, the lifts of M and N in the cluster category are objects of quasi-length two in 
an exceptional tube of rank two. In particular, they are not rigid. 

2.3. Proof of Corollary |4l Let A be an acyclic cluster algebra. It is known, see for instance |FZ07[ 
§7], that the denominator vectors of the cluster variables in A do not depend on the choice of the 
coefficient system. Therefore, without loss of generality, we can assume that A is coefficient-free. 

Let Q be an acyclic quiver which is mutation-equivalent to the quiver in the initial seed of A and 
C the cluster category of Q. For any tilting object T and any indecomposable rigid object M in C, 
we denote by Xjj the cluster variable corresponding to M expressed as a Laurent polynomial in the 
cluster corresponding to T under the bijection mentioned in the introduction. We denote by den (Xj^) 
the denominator vector of the Laurent polynomial Xj.j, which we view as a vector in Z" . 

Let X and y be two transjective cluster variables in A and assume that they have the same de- 
nominator vectors in a given cluster c. Let T be the tilting object in C corresponding to c and 
M and N transjective objects in C such that x — Xjj and y = Xjj. By assumption, we have 
den(Xj,) =den(X^). 

If M or are in add (ET), then Xj; and Xj, are in the cluster c and therefore, Xj^j = Xj^. If they 
are not in add (ST), then since M and N are transjective, it follows from [BMR09] that den {Xj^j) = 
dim Home (r,M) and den(X^) = dim Home (T, TV) . It follows that Homc(r,M) and Homc(T,iV) 
are indecomposable rigid transjective i?-modules with the same dimension vector and thus. Theorem 
[1] implies that Home (T,M) = Homc(T,iV). Therefore, M ~ in C and thus x = Xlj = Xj^ = y. 

□ 

3. Cluster-concealed algebras 

In this section we focus on the case of transjective tilting objects. We first prove that the full 
subgraph of the mutation graph of a cluster category consisting of the transjective tilting objects is 
connected. 

Let A be a hereditary algebra and T be a preinjective tilting A-module. Letting T{T) = 
{M G mod— a I Ext^(T, M) = 0} be the torsion class associated with the tilting module T, the prein- 
jectivity of T implies that the subcategory ind — T{T) — ind — Ar\ T{T) contains only finitely many 
objects. 

Proposition 8. Let A he a hereditary algebra and T a preinjective tilting module. Then there exists 
a sequence of tilting A-modules 

T = t(0) ^ r(i) ^ ^ r(*) = DAa 

where each T^*) is a tilting A-module differing from T'^+i) by a single indecomposable summand and 
such that T{T'-'^) ^ r(T(*+i)) for every i < t. 
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Proof. If T = DAa, there is nothing to prove. Otherwise, T has a non-injective indecomposable 
summand. This imphes that T has a non-injective indecomposable summand Tq such that there is no 
path Ti ^ To with T,; 9^ Tq another indecomposable summand of T. We claim that T = ® j_^Q Ti is 
sincere. 

Notice that the hypothesis means that Hom^(r, Tq) is a simple projective module over the tilted 
algebra C = Endyi(T) and moreover it is non-injective (because C is connected). Hence the left 
minimal almost split morphism starting with Hom^(T, Tq) has a projective target and we have an 
almost split sequence in mod— C 

— > RouiA (T, To ) — > HomA (T, T* ) — >Z — ^ 

with T* £ addT. We claim that the canonical morphism To — >T* is injective. In order to prove this, 
we first observe that Zc belongs to the class y{T) — {Yq \ Torf (y,T) = O}. Indeed, if this is not the 
case, then, because the torsion pair {X{T),y{T)) in mod— C is split, and Z is indecomposable then 
it would belong to the class X{T) = {Xc \ X ®c T — 0} and then there exists an indecomposable 
A- module N such that Hom^ (T, N) — and Ext^ (T, N) ~ Z so that the above almost split sequence 
is a connecting sequence and To is injective, a contradiction. This completes the proof that Z e yiT) 
and hence there exists M € T{T) such that Z = Hom^(T, Af). The almost split sequence 

— > RouiA (T, To) — > RomA (T, T* ) — > Hom^ (T, M) — ^ 

yields, upon applying — (gj^ T, a short exact sequence in mod— A 

— >Ta — >T* — >M — ^0. 

This completes the proof that the morphism To — >T* is injective and therefore the almost complete 
module T is sincere. 

As recalled in Section [U there exists exactly one indecomposable module Tq 9^ To such that T' = 
T © Tq is a tilting module and moreover by [HU89] , there exists a non-split short exact sequence 

(1) O^To^E^T[,^0 

with E G add T. The existence of such a sequence shows that Tq is a successor of a preinjective module, 
and hence is preinjective. Therefore T' is preinjective as well. 

Now we claim that T{T') C 7-(T). Let M e r(T'), then Ext^(T',Af) = 0. Applying the functor 
IIomA(— , M) to the sequence ([T]), we get an epimorphism 

= Ext^(£;,Af) — ^Ext^(To,M) — ^0 

because A is hereditary. Hence Ext^(To,Af) = 0. Since Ext^ (T,M) = we have Ext^(T,Af) = 
and so Af e r(T). This shows that r(T') C r(T). On the other hand. To ^ r(T') because 
otherwise, there exists a direct summand Ti of T' such that there exists a non-zero map Ti — ^Tq. 
Now such a summand cannot be Tq because otherwise we would have a cycle Tq — >Tq — > * — ^Tq 
with Tg and Tq preinjective, an absurdity. Hence Ti e addT and so Ti G addT which contradicts the 
choice of Tq. Therefore we indeed have Tq ^ T{T'). Since To G T{T), this completes the proof that 
T(T') C T{T). Setting T = T(°), T' = T^^), the proof of the proposition is completed by induction on 
|ind-r(TW)|. □ 

3.1. Proof of Proposition [2j The proof is similar to the proof of Theorem [T] Let C be a cluster 
category and T a tilting object in C with T transjective. Let T ~ ®i^k -^i- Assume that the mutation 
T' — T (B T^ is also transjective. Let M and N be two indecomposable rigid objects in C. If M is 
transjective, then it follows from |BMR09( Corollary 4.2] that it is compatible with any exchange pair 
in C. If M is regular, then the proof of |BM10| Lemma 3.5] applies and it follows that M is compatible 
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with any exchange pair {X, X*) where X and X* are transjective. In particular, M is compatible with 
the exchange pair (S^Tfe, S^T*). 

Since Homc(r, — ) induces an equivalence C/(add(I]T)) ^ mod— B, it is enough to prove that if 
M,N ^ add(I]T) are such that dim Home (r,M) = dim Home (T, iV), then M ~ in C. According 

to Proposition [H there exists a sequence of mutations T — >T' — > >r(') = kQ joining T to kQ 

in C such that every tilting object arising in the sequence is transjective. The rest of the proof follows 
by induction using Lemma [71 as in the proof of Theorem [TJ □ 

3.2. Proof of Corollary [3l In order to prove Corollary [3l it is enough to prove that for a cluster- 
concealed algebra which is either representation-finite or tame, any indecomposable rigid B-module 
AI lifts to an indecomposable rigid object M in the corresponding cluster category. Let thus Q be a 
Dynkin or an affine quiver and let C denote the cluster category of Q. Assume that B = Endc(T) for 
some tilting object T in C. 

If M is a transjective i?-module, its lift is a transjective object in C which is therefore rigid, proving 
the claim. If Q is a Dynkin quiver, then any object in C is transjective so we are done. Assume therefore 
that Q is an affine quiver and that M is not transjective. Then its lift M lies in an exceptional tube T 
of the Auslander-Reiten quiver T{C) of C. The tube containing M in the Auslander-Reiten quiver of 
mod— S is standard. Similarly, the tube containing Fj^^qM — Homc(fcQ,M) in the Auslander-Reiten 
quiver of mod— kQ is standard. Moreover, these two tubes are identified with T, while both objects 
M and Fj^^qM correspond to the point M in that tube. Since M is rigid, it follows that F\^qM is 
rigid in mod-kQ. Therefore, it follows from |BMR+06| that Ext^ (M,M) ~ ExtkQ(JkQM, -FkgM) ® 
i?ExtJ;.Q(FkQM, F\^q1vI) — 0, proving the claim. The corollary then follows from Proposition [21 

3.3. Proof of Corollary [5l The proof is similar to the proof of Corollary [H We assume that A is a. 
coefficient-free cluster algebra associated with a quiver mutation-equivalent to an affine quiver Q. We 
consider two cluster variables x and y m. A which have the same denominator vector in a cluster c 
corresponding to a transjective tilting object T and we let M and N be indecomposable rigid objects 
in C such that x — Xjj and y — Xj^. By assumption, we have den (Xj^) — den {Xj;). 

li M 01 N is in add (ST), then Xjj and Xj^ are cluster variables in c and therefore, Xjj = Xjj. 
If they are not in add(ET), since T is transjective, then it follows from |BMR09| that den(A'|^) = 
dim Home (r,M) and den(X^) ^ dim Home (T, A^) . Therefore, Home(r,M) and Home (T,iV) are 
indecomposable rigid transjective _B-modules lifting to indecomposable rigid objects in C and they 
have the same dimension vector. Thus, Proposition [21 implies that Home (T, A'/) = Home(T, iV) and 
therefore M ~ iV in C, so that x = Xj^ Xj^ = y. □ 
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